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Understanding the Legacy of Lawrence Evans in Partial Differential Equations

Partial differential equations (PDEs) form the backbone of modern mathematical physics, engineering, and finance. Among the many scholars who have shaped this field, Lawrence C. Evans
stands out as a towering figure. His work, particularly his seminal textbook Partial Differential Equations, has become a cornerstone for graduate students and researchers alike. This article
delves into the contributions of Lawrence Evans to the study of PDESs, exploring his influential text, his key theoretical advancements, and the lasting impact of his teaching on generations of
mathematicians.

Who Is Lawrence C. Evans?

Lawrence Craig Evans is an American mathematician and professor at the University of California, Berkeley. Born in 1949, Evans earned his Ph.D. from the University of California, Los
Angeles, under the supervision of the renowned analyst Michael Crandall. Over a career spanning more than four decades, Evans has made profound contributions to the theory of nonlinear
partial differential equations, calculus of variations, and geometric measure theory. He is perhaps best known for his ability to distill complex ideas into accessible yet rigorous frameworks—a
talent that shines in his widely adopted textbook.

Evans’ research has addressed fundamental questions concerning existence, regularity, and uniqueness of solutions to PDEs. His work on viscosity solutions for Hamilton-Jacobi equations,
together with Michael Crandall and Pierre-Louis Lions, helped establish a powerful theory for first-order fully nonlinear PDEs. He also advanced the field of elliptic and parabolic equations,
including systems arising in fluid dynamics and materials science. In recognition of his achievements, Evans was awarded the Leroy P. Steele Prize for Mathematical Exposition in 2004 and is
a member of the National Academy of Sciences.

The Landmark Textbook: Partial Differential Equations

First published in 1998 by the American Mathematical Society, Partial Differential Equations by Lawrence C. Evans has become a standard reference for graduate-level PDE courses. The book
is known for its clarity, breadth, and depth. It covers classical theory alongside modern developments, making it equally valuable for beginners and experienced researchers.

Structure and Scope of the Book

The textbook is divided into several parts, each focusing on a major class of PDEs. The first part introduces linear equations—transport, Laplace, heat, and wave equations—using fundamental
techniques such as separation of variables, Fourier transforms, and Green’s functions. Evans carefully builds intuition with physical examples before moving to abstract theory.

Subsequent parts explore nonlinear first-order equations, quasilinear equations, and fully nonlinear elliptic and parabolic equations. Evans also includes chapters on calculus of variations,
Hamilton-Jacobi theory, and systems of conservation laws. Each chapter ends with a rich collection of exercises that range from routine computations to challenging research-oriented
problems. These exercises are a hallmark of the text, encouraging active learning.

Key Pedagogical Features

Evans designed his book to bridge the gap between introductory PDE texts and research monographs. He avoids unnecessary abstraction while maintaining mathematical rigor. The writing
style is conversational yet precise, with frequent use of remarks and comments that clarify subtle points. For example, in discussing weak solutions, Evans explains the motivation behind
distributional derivatives and the importance of function spaces like Sobolev spaces. He also provides numerous historical notes, giving context to the development of key ideas.

The book’s organization allows instructors to tailor courses to their needs. Many universities use it for a full-year graduate sequence: the first semester covering linear theory and Sobolev
spaces, the second semester focusing on nonlinear methods. Evans’ text has been translated into several languages and remains in print, with a second edition released in 2010.

Core Contributions of Evans to PDE Theory

Beyond his textbook, Evans has made direct research contributions that continue to influence the field. A few notable areas include:

e Viscosity solutions: Evans helped develop the theory of viscosity solutions for fully nonlinear first-order PDEs. This approach uses maximum principle techniques to prove uniqueness
and stability of solutions, even when classical derivatives do not exist. The theory has been applied to optimal control, game theory, and front propagation.

e Elliptic regularity: In cooperation with other mathematicians, Evans established foundational results on the regularity of solutions to elliptic systems. His work on the Evans-Krylov
theorem (with Nicolai Krylov) provides Holder estimates for fully nonlinear elliptic equations, a cornerstone of modern regularity theory.

e Calculus of variations: Evans contributed to the study of minimizers for nonconvex functionals and the analysis of harmonic maps. His techniques using monotonicity formulas and
blow-up methods have become standard tools in geometric analysis.

e Parabolic equations: He studied the long-time behavior and convergence to equilibria for various parabolic problems, including the heat flow onto harmonic maps and the porous
medium equation.

The Enduring Influence of Lawrence Evans’ PDE Book

The impact of Partial Differential Equations extends well beyond the classroom. Researchers in pure and applied mathematics use it as a reference for modern PDE theory. The book’s
treatment of Sobolev spaces, weak convergence, and compact embedding theorems is especially valued. Many doctoral students report that Evans’ clear exposition helped them overcome the
initial steep learning curve in analysis.

Moreover, the book has influenced the way PDEs are taught. Before its publication, graduate texts often emphasized either classical methods or advanced functional analysis without bridging
the gap. Evans successfully merged these traditions. His approach—starting with concrete equations, moving to abstract spaces, then returning to applications—has been adopted by many
subsequent textbooks.

The second edition added new material on the Navier-Stokes equations, the Perron method for elliptic equations, and an expanded introduction to measure theory. It also includes a chapter
on the method of compensated compactness, reflecting Evans’ ongoing interest in homogenization and multiscale problems.

Applications of Evans’ PDE Methods

The ideas promoted in Evans’ work are not purely theoretical. They underpin numerous scientific and engineering disciplines. For instance:

e Fluid dynamics: The Navier-Stokes equations, a focus of Evans’ later chapters, are central to weather modeling, aerodynamics, and oceanography. Evans’ treatment of weak solutions
and regularity criteria provides tools for understanding turbulence.

 Image processing: Techniques from Hamilton-Jacobi equations appear in level set methods for tracking interfaces, used in medical imaging and computer graphics.

e Financial mathematics: The Black-Scholes equation, a parabolic PDE, can be analyzed using Evans’ framework. His discussion of viscosity solutions also applies to stochastic optimal
control and portfolio optimization.

e Materials science: Elliptic systems model elasticity and phase transitions. Evans’ regularity theory helps predict material failure and microstructure formation.

Teaching Philosophy and Legacy

Lawrence Evans is known not only for his writing but also for his teaching. At Berkeley, he has mentored dozens of PhD students who now hold positions worldwide. His lectures are described
as clear and engaging, often using geometric intuition to explain analytical concepts. He emphasizes the importance of solving problems—a theme reflected in the extensive exercise sets in his
book.

The success of Evans’ textbook lies in its ability to empower readers. It does not merely present facts; it invites the reader to think like a mathematician. The book’s preface states that “the
best way to learn PDEs is to do PDEs,” and the exercises are designed with that philosophy. Many students recall working through problems from Evans as a rite of passage, emerging with a
deep understanding of the subject.

Evans’ influence continues through newer generations of mathematicians who adopt his style of exposition. His work has set a standard for mathematical writing that balances rigor with
readability. As a result, Partial Differential Equations remains an essential volume on the shelf of any serious analyst.

Conclusion

Lawrence Evans has fundamentally shaped the study and teaching of partial differential equations. His textbook Partial Differential Equations is a masterwork of mathematical exposition,
guiding countless students and researchers through the intricate landscape of linear and nonlinear PDEs. His research contributions, particularly in viscosity solutions and elliptic regularity,
have opened new avenues of inquiry. Whether you are a novice seeking a solid foundation or an expert needing a reliable reference, the work of Lawrence Evans on partial differential
equations remains an indispensable resource. The clarity, depth, and passion for the subject embedded in his writing ensure that his legacy will continue to inspire mathematical discovery for
decades to come.
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