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How To Solve Extraneous
Solutions

Understanding the Challenge of
Extraneous Solutions

When  solving  equations  in  algebra,  particularly
those involving radicals,  rational  expressions,  or
logarithmic  functions,  you  may  encounter  a
peculiar  phenomenon:  a  solution  that  emerges
from the algebraic process but does not actually
satisfy  the  original  equation.  These  deceptive
results  are  known  as  extraneous  solutions.
Mastering how to solve extraneous solutions is
a critical skill for students and professionals alike,
as  it  ensures  accuracy  and  prevents  common
algebraic errors.

An  extraneous  solution  is  essentially  a  false
positive.  It  arises  not  from  an  error  in  your
algebraic manipulation, but from the nature of the
operations you perform during the solving process.
Operations  such  as  squaring  both  sides  of  an
equation, multiplying by a variable expression, or
applying logarithms can introduce solutions that
are  mathematically  valid  for  the  transformed
equation  but  invalid  for  the  original  one.
Understanding  how  to  solve  extraneous



solutions  involves  more  than  just  finding  the
answer;  it  requires  a  systematic  approach  to
verification.

This  article  will  guide  you  through  the  entire
process—from  recognizing  when  extraneous
solutions are likely to appear, to applying a reliable
verification  method,  to  avoiding  common  pitfalls.
By the end,  you will  have a clear,  step-by-step
framework  that  you  can  apply  to  any  equation
where extraneous solutions might lurk.

What Exactly Is an Extraneous
Solution?

Before  diving  into  how  to  solve  extraneous
solutions,  it  is  essential  to  define  the  term
precisely. An extraneous solution is a value that
satisfies a transformed version of an equation but
fails  to  satisfy  the  original  equation.  In  other
words,  it  is  a  number  that  emerges  from your
algebraic  work  but  does  not  actually  make the
original equation true.

Consider a simple example. Suppose you have the
equation √x = 3. Squaring both sides gives x = 9.
Here, 9 is a valid solution because √9 = 3. Now
consider √x = -3. Squaring both sides again gives
x = 9. However, √9 = 3, not -3. Therefore, 9 is an
extraneous  solution  in  this  second  case.  The
squaring operation introduced a value that works
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for the squared equation but not for the original.

Extraneous solutions are not mistakes; they are a
natural consequence of non-invertible operations.
When  you  perform  an  operation  that  is  not
reversible—such as squaring, taking an even root,
or  multiplying  by  an  expression  that  could  be
zero—you risk introducing solutions that belong to
the  transformed  equation  but  not  the  original.
Understanding  how  to  solve  extraneous
solutions  means  recognizing  these  risky
operations and knowing how to check your results.

Common Scenarios Where
Extraneous Solutions Arise

Radical Equations

Radical  equations are among the most common
sources of extraneous solutions. When you square
both sides of an equation containing a square root,
you may introduce solutions that do not satisfy the
original  radical  condition.  For  example,  in  the
equation √(2x + 3) = x - 1, squaring both sides
yields 2x + 3 = (x - 1)². This quadratic equation
may have two solutions, but only one may satisfy
the original equation. The other is extraneous.

Rational Equations

When  solving  rational  equations,  you  often



multiply  both  sides  by  the  least  common
denominator (LCD) to eliminate fractions. If  that
denominator contains a variable, multiplying by it
can  int roduce  so lut ions  that  make  the
denominator zero in the original equation. Since
division  by  zero  is  undefined,  any  solution  that
causes a denominator to vanish is automatically
extraneous. This is a key point in how to solve
extraneous solutions:  always  check that  your
solution does not make any denominator zero.

Logarithmic Equations

Logarithmic equations require that the argument
of  the  logar i thm  be  posit ive.  When  you
exponentiate  both  sides  or  use  logarithm
properties,  you  may  obtain  solutions  that  are
algebraically  correct  but  result  in  a  negative or
zero argument for the logarithm. Such solutions
are extraneous because the logarithm function is
only defined for positive arguments. Knowing how
to solve extraneous solutions  in this context
means  checking  the  domain  of  the  logarithmic
expressions.

Absolute Value Equations

When solving equations involving absolute values,
you typically consider two cases: one where the
expression inside the absolute value is  positive,
and  one  where  it  is  negative.  Each  case  may
produce a solution, but some solutions may not
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satisfy the original equation after you substitute
them back. This is less common but still a scenario
where extraneous solutions can occur.

Step-by-Step Guide: How To Solve
Extraneous Solutions

Now  that  you  understand  where  extraneous
solutions come from, let us focus on the practical
question: how to solve extraneous solutions in
a reliable, systematic way. The process involves
three  main  stages:  solving  the  equation,
identifying  potential  extraneous  candidates,  and
verifying  each  solution  against  the  original
equation.

Step 1: Solve the Equation Using
Standard Algebraic Methods

Begin  by  solving  the  equation  as  you  normally
would.  Use  algebraic  manipulation,  factoring,
substitution, or any other appropriate method to
find  the  potential  solutions.  At  this  stage,  do  not
worry about extraneous solutions. Simply perform
the operations necessary to isolate the variable
and  find  all  values  that  satisfy  the  transformed
equation.

For example, consider the rational equation:

x / (x - 2) + 3 = 2 / (x - 2)



Multiply both sides by (x - 2) to get:

x + 3(x - 2) = 2

Simplify:

x + 3x - 6 = 2

4x = 8

x = 2

At this point, we have a candidate solution. But the
next step will reveal whether it is valid.

Step 2: Identify Conditions for
Extraneous Solutions

Before verifying, examine the original equation for
any restrictions. Look for:

Denominators that contain variables:
Any value that makes a denominator zero is
automatically extraneous. In the example
above, the denominator (x - 2) is zero when
x = 2. Therefore, x = 2 is a candidate for
being extraneous.
Radicals with even indices: The radicand
must be non-negative for even roots. Also,
the result of an even root is always non-
negative, so if the equation equates a
square root to a negative number, you
already know there is no solution, or the
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solution may be extraneous.
Logarithms: The argument of a logarithm
must be positive. The base must be positive
and not equal to 1.
Squaring operations: If you squared both
sides, be aware that the squared equation
may have solutions that the original does
not.

Make  a  l ist  of  these  restr ict ions  before
substituting. This step is crucial in how to solve
extraneous  solutions  because  it  helps  you
anticipate which solutions are likely to be invalid.

Step 3: Substitute Each Potential
Solution into the Original Equation

This  is  the  definitive  verification  step.  For  each
candidate  solution you found in  Step 1,  plug it
back  into  the  original  equation,  not  the
transformed one.  Do not  simplify  or  manipulate
the equation further. Simply evaluate both sides of
the original equation with the candidate value.

If  both  sides  are  equal  and  no  undefined
operations  occur  (such  as  division  by  zero  or
taking the square root of a negative number), then
the solution is valid. If the candidate causes any
undefined  operation  or  does  not  satisfy  the
equality,  then  it  is  an  extraneous  solution  and
must be discarded.



In our example, substituting x = 2 into the original
equation gives:

2 / (2 - 2) + 3 = 2 / (2 - 2)

This  results  in  division  by  zero  on  both  sides.
Therefore, x = 2 is an extraneous solution. The
original equation has no solution.

Step 4: Write the Final Answer

After  verifying  all  candidates,  present  only  the
solutions  that  passed  the  verification  step.  If  all
candidates are extraneous, state that the equation
has  no  solution.  This  final  step  completes  the
process of how to solve extraneous solutions:
you have found, identified, and removed the false
positives.

Detailed Examples: How To Solve
Extraneous Solutions in Practice

Example 1: Radical Equation

Solve: √(x + 5) = x - 1

Step 1: Solve

Square both sides: x + 5 = (x - 1)²

Expand: x + 5 = x² - 2x + 1
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Rearrange: 0 = x² - 3x - 4

Factor: 0 = (x - 4)(x + 1)

Potential solutions: x = 4, x = -1

Step 2: Identify restrictions

For the square root to be defined in real numbers,
the radicand must be non-negative: x + 5 ≥ 0, so
x  ≥  -5.  Both  candidates  satisfy  this.  Also,  the
square root function gives a non-negative result,
so the right side (x - 1) must be non-negative. For
x = -1, the right side is -2, which is negative. This
suggests x = -1 might be extraneous.

Step 3: Verify

For x = 4: √(4 + 5) = √9 = 3, and x - 1 = 3. Both
sides equal 3. Valid.

For x = -1: √(-1 + 5) = √4 = 2, and x - 1 = -2. 2 ≠
-2. Extraneous.

Step 4: Final answer

x = 4 is the only valid solution. This is a classic
il lustration  of  how  to  solve  extraneous
solutions  in  radical  equations.

Example 2: Rational Equation

Solve: 1 / (x - 3) + 2 = 3 / (x - 3)



Step 1: Solve

Multiply both sides by (x - 3): 1 + 2(x - 3) = 3

Simplify: 1 + 2x - 6 = 3

2x - 5 = 3

2x = 8

x = 4

Step 2: Identify restrictions

The denominator (x - 3) is zero when x = 3. Our
candidate  is  x  =  4,  which  does  not  make  the
denominator zero. So it passes this initial check.

Step 3: Verify

Substitute x = 4 into the original equation:

1 / (4 - 3) + 2 = 1/1 + 2 = 3

3 / (4 - 3) = 3/1 = 3

Both sides equal 3. Valid.

Step 4: Final answer

x = 4 is the valid solution. No extraneous solutions
here, but the check was still important to confirm.
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Example 3: Logarithmic Equation

Solve: log₂(x) + log₂(x - 2) = 3

Step 1: Solve

Use logarithm property: log₂[x(x - 2)] = 3

Exponentiate: x(x - 2) = 2³ = 8

Expand: x² - 2x - 8 = 0

Factor: (x - 4)(x + 2) = 0

Potential solutions: x


